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SUMMARY
Venous valves are bicuspidal valves that ensure that blood in veins only flows back to the heart. To prevent
retrograde blood flow, the two intraluminal leaflets meet in the center of the vein and occlude the vessel.
In fluid-structure interaction (FSI) simulations of venous valves, the large structural displacements may
lead to mesh deteriorations and entanglements, causing instabilities of the solver and, consequently, the
numerical solution to diverge. In this paper, we propose an Arbitrary Lagrangian-Eulerian (ALE) scheme
for FSI simulations designed to solve these instabilities. A monolithic formulation for the FSI problem
is considered and, due to the complexity of the operators, the exact Jacobian matrix is evaluated using
automatic differentiation. The method relies on the introduction of a staggered in time velocity to improve
stability, and on fictitious springs to model the contact force of the valve leaflets. Since the large structural
displacements may compromise the quality of the fluid mesh as well, a smoother fluid displacement,
obtained with the introduction of a scaling factor that measures the distance of a fluid element from the
valve leaflet tip, guarantees that there are no mesh entanglements in the fluid domain. To further improve
stability, a Streamline Upwind Petrov Galerkin (SUPG) method is employed. The proposed ALE scheme is
applied to a 2D model of a venous valve. The presented simulations show that the proposed method deals
well with the large structural displacements of the problem, allowing a reconstruction of the valve behavior
in both the opening and closing phase.
KEY WORDS: Fluid-structure interaction; ALE scheme; Large structural displacements; Venous valves
simulations.
1. INTRODUCTION
Blood vessels allow blood to flow quickly and efficiently inside the human body. The three major
types of blood vessels are: arteries, capillaries and veins. While arteries carry highly oxygenated
blood from the heart to the rest of the body, veins carry de-oxygenated blood back to the heart.
Arteries face high levels of blood pressure as they carry blood being pushed from the heart. On the
other hand, veins are subjected to very low blood pressures and rely on muscle contractions and one-
way valves to push blood back to the heart. The muscle pump effect, which denotes the mechanism
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of venous return via muscle contraction, has been intensively studied from a medical point of view
([1, 2, 3]). Numerical studies of this mechanism have also been performed in [4, 5, 6]. Valves play
an important role during the muscle pump effect. Their main contribution is to prevent backflow.
Venous valves are bicuspidal valves, meaning they are composed of two intraluminal membranes
(or leaflets), that meet in the center of the vein and occlude the vessel to prevent backflow. The
physics of vein valves has been studied by Lurie et al. in [7, 8] and [9]. In the latter, it is postulated
that a valve cycle is composed of four phases: the opening phase, the equilibrium phase, the closing
phase and the closed phase. The equilibrium phase is a complex stage of a valve cycle, during
which the valve is maximally open. The leaflets are at some distance from the wall and this creates
a narrowing of the lumen where the flow accelerates resulting in a proximally directed flow jet. In
the sinus pocket behind the valve cusps, blood stream forms a vortex along the sinus wall and the
mural side of the valve cusps. These vortexes create a rising pressure on the mural side and a falling
pressure on the luminal side of the cusps initiating the closing phase.
In fluid-structure interaction (FSI) simulations of venous valves, the complex interactions
between blood, vessels walls and valve leaflets are not the only challenge. The large structural
displacements may lead to mesh deterioration and entanglements, causing instabilities of the
solver and the numerical solution to diverge. To deal with large structural displacements, several
approaches have been proposed in the literature, including immersed boundary methods ([10, 11]),
Lagrange multiplier based fictitious domain methods ([12, 13, 14, 15]), Lattice-Boltzmann methods
([16, 17, 18, 19]) and standard ALE algorithms with remeshing ([20, 21]). Many of these works
([16, 13, 14, 15]) involve the modeling of heart valves. A review of the state-of-the-art for FSI
methods applied to aortic valves simulations can be found in [22]. Recently, an extended ALE
method has been proposed in [23], and it has been applied to a 2D FSI benchmark problem modeling
valves. The main characteristic of such a method is a variational mesh optimization approach that
does not rely on any combinatorial considerations. Focusing on venous valves simulations, the first
FSI study of vein valves reported in the literature is [19]. In the aforementioned paper, the fluid
is captured using a Lattice Boltzmann (LB) model, while the solid mechanics is captured using
a Lattice Spring (LS) model. The dynamics of the valve opening area and the blood flow rate
through the valve are investigated to capture the qualitative behavior of vein valves. In [24], both
the dynamics of a mechanical heart valve prosthesis and the function of a native venous valve are
analyzed. Two commercial codes are employed to study the distinct cardiovascular problems. The
LS-DYNA explicit dynamics code is used for the venous valve simulations, where dependence of the
venous valve function on the parent vessel elastic modulus is shown. More recently, FSI simulations
of venous valves have been performed in [25, 26].
In this paper, we focus on the large structural displacements that arise in FSI simulations of venous
valves, proposing a monolithic ALE scheme that aims to solve the numerical instabilities caused by
these large displacements. The proposed method relies on three main features. First, we employ
a staggered in time velocity in the time integration scheme, which improves the computational
stability of the simulations. This staggered approach is used in the momentum balance to compute
the mesh velocity and in the kinematic equation to compute the velocity in the solid region. Second,
fictitious springs are used to model the contact force of the valve leaflets. Fictitious elastic springs
are widely used in structural dynamics for the resolution of dynamics contact problems ([27, 28]).
In a finite element setting, the contact of two structures can cause serious instabilities, and fictitious
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elastic springs allow the valve leaflets to get very close to each other without actually touching.
Finally, since the large structural displacements may compromise the quality of the fluid mesh as
well, a scaling factor that measures the distance between a fluid element and the valve leaflets
is introduced. This scaling factor guarantees that there are no mesh entanglements in the fluid
domain. To further improve stability, a Streamline Upwind Petrov Galerkin (SUPG) stabilization
is employed. Following [29], the stabilization parameter, τ , is computed solving a generalized
eigenvalue problem. The proposed method is applied to a 2D model of a venous valve. Two tests are
performed, with the first one testing the mesh independence of the ALE scheme, and the second one
assessing the sensitivity of valve dynamics to the elastic modulus of the valve leaflet, independent
of vein wall properties.
The paper is structured as follows. In section 2 the weak monolithic formulation of the FSI
problem is described. In section 3 the SUPG stabilization added to the formulation presented in
2 is illustrated. In section 4.1 the time discretization scheme, which employes a staggered in time
velocity, is described. In section 4.2 the distance function used to handle possible entanglements in
the fluid mesh is analyzed, while in section 4.3 fictitious springs are described, namely illustrating
how springs are introduced in the formulation and the elastic parameters adopted. In section 6, the
numerical tests are presented. Finally, in section 7 we draw our conclusions.
2. FSI FORMULATION
This section describes the FSI formulation of the venous valve problem. From now on, by solid
structure we refer to the vessel walls and the valve leaflets, while the fluid considered is blood. The
solid motion is described in a Lagrangian way, while the fluid is observed in Eulerian fashion. The
deformation of the fluid domain is taken into account according to an Arbitrary Lagrangian Eulerian
(ALE) approach ([30, 31, 32, 33]). We consider a monolithic coupling between the fluid and the
solid, focusing on a time-dependent formulation. To solve the FSI system, we use a monolithic
Newton-Krylov solver preconditioned by a geometric multigrid algorithm ([30]). A validation of
the FSI model and solver throughout a series of 2D and 3D benchmark tests can be found in [30],
where the results obtained were compared with several existing FSI models and solvers ([34, 35]).
Previous applications of our FSI model and solver to hemodynamics problems can be found in
[36, 37] and [38]. Before discussing the formulation of the problem, we introduce some notations.
2.1. Notation
Let Ω̂ = Ω̂f ∪ Ω̂s ⊂ Rn be a reference configuration consisting of a vein containing a bicuspidal
valve, where the superscripts f and s refer to fluid and solid, respectively. Let Ωt = Ω
f
t ∪ Ωst ⊂ Rn
be the current configuration at time t. Let Γit = Ω
f
t ∩ Ωst and Γ̂i = Ω̂f ∩ Ω̂s be the interfaces
between solid and fluid in the current and reference configuration, respectively. Moreover, we define
the parts of the boundary adjacent only to the fluid or only to the solid as Γft , Γst and Γ̂
f
t , Γ̂st in the
current configuration and reference configuration, respectively. The motion of the solid is followed
in a Lagrangian way, therefore the domain Ω̂s is a Lagrangian domain and it is initially occupied
by the solid we observe. The domain Ω̂f is called ALE domain and is the domain on which we
initially observe the fluid motion in a Eulerian way. As a consequence of the solid movement, the
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domain on which we observe the fluid motion changes in time as well, so that we need to define
a deformation for the fluid domain. The domain Ωft is occupied only by fluid at each time t. The
moving domains Ωft and Ωst are called Eulerian domains. In order to describe the motion of the
fluid and solid domains, let us define a t-parametrized family of invertible and sufficiently smooth
mappings Xt of the reference configuration Ω̂ to the deformed ones Ωt, so that
Xt : Ω̂→ Ωt , Xt(x̂) := x̂ + d(x̂, t) . (1)
The field d(x̂, t) is called displacement field. The displacement field d(x̂, t) is determined separately
in the fluid and solid parts as a solution of two different subproblems. Its restrictions df (x̂, t) and
ds(x̂, t) are referred to as fluid domain displacement (or ALE displacement) and solid displacement,
respectively. They are required to take on common values at the interface, namely
ds(x̂, t) = df (x̂, t) , x̂ ∈ Γ̂i . (2)
For every x̂ ∈ Ω̂ and t ≥ 0, we also define
F(d(x̂, t)) = ∇̂Xt(x̂) = I + ∇̂d(x̂, t) , (3)
J(d(x̂, t)) = det F(d(x̂, t)) , (4)
B(d(x̂, t)) = F(d(x̂, t))FT (d(x̂, t)) , (5)
where ∇̂ refers to the gradient operator in the reference configuration. The symbols F and B denote
the deformation gradient tensor and the left Cauchy-Green deformation tensor, respectively. In the
following, ∇ will refer to the gradient operator in the current configuration and the symbols n̂
and n will denote the outward unit normal fields in the reference and in the current configuration,
respectively.
2.2. Weak Monolithic Formulation
Here, the weak monolithic formulation of the FSI problem is described. For the sake of simplicity,
we denote with the same symbol (·, ·) the standard inner products either on L2(O), L2(O)n or
L2(O)n×n, for any open set O ∈ Rn. On the fluid-only boundary Γft , we denote with Γft,D and
Γf
t,D,df
the subsets of Γft on which Dirichlet boundary conditions on the velocity uf and on the
fluid domain displacement df are enforced, respectively. Similarly, given the solid-only boundary
Γst , we denote with Γst,D the part on which Dirichlet boundary conditions on the displacement d
s
are enforced. In order to keep the exposition simple, we do not discuss the case of mixed Dirichlet-
Neumann conditions and the related definitions of function spaces and variational equations. For
any boundary subset Γ ⊆ ∂O, we also denote with H10 (O; Γ) the subspace of functions in H1(O)
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with zero trace on Γ. Now define
V f := H1(Ωft ) , V
s := H1(Ωst ) , (6)
V f0 := H
1
0(Ω
f
t ; Γ
f
t,D) ,V
s
0 := H
1
0(Ω
s
t ; Γ
s
t,D) ,V
f
0,df
:= H10(Ω
f
t ; Γ
f
t,D,df
) , (7)
V := {v = (vf ,vs) ∈ V f × V s s. t. vf = vs on Γit} , (8)
V 0 := {v = (vf ,vs) ∈ V f0 × V s0 s. t. vf = vs on Γit} . (9)
The mapping of V f
0,df
to the reference domain is denoted as V̂
f
0,df .
The weak monolithic FSI problem consists in finding (d,u, p) in V × V × L2(Ωt) solution of a
system that can be split into three parts:
the weak momentum balance(
ρs
∂u
∂t
,φm
)
Ωst
+ (σs(d, ps),∇φm)Ωst − (ρ
sfs,φm)Ωst
+
(
ρf
∂u
∂t
,φm
)
Ωft
+
(
ρf [(u− ∂d
∂t
) · ∇]u,φm
)
Ωft
+
(
σf (u, pf ),∇φm)
Ωft
− (ρfff ,φm)
Ωft
= 0 ∀ φm ∈ V 0, (10)
the weak mass continuity (
Ĵ(d)− 1, φps
)
Ω̂s
= 0 ∀ φps ∈ L2(Ω̂s), (11)(∇ · u, φpf)
Ωft
= 0 ∀ φpf ∈ L2(Ωft ) , (12)
and the weak kinematic equations(
u− ∂d
∂t
,φks
)
Ω̂s
= 0 ∀ φks ∈H1(Ω̂s), (13)(
k(x̂)∇̂df , ∇̂φkf
)
Ω̂f
= 0 ∀ φkf ∈H10(Ω̂f ; Γ̂i) ∩ V̂
f
0,df . (14)
This formulation is known as a non-conservative ALE formulation. For a discussion about the
conservative and non-conservative ALE formulation for a model problem of a scalar advection
diffusion equation refer to [39]. In the above formulation, equation (10) describes, in a monolithic
form, the solid and fluid momenta, which are also referred to as the incompressible non-linear
elasticity equation and the Navier-Stokes equation, respectively. The symbols ρf and ρs denote
the mass densities for the fluid and solid part, respectively, while ff and fs indicate the body
force densities. The interface physical condition of normal stress continuity is enforced in the weak
momentum balance, where the boundary integrals disappear due to the condition
σs(d, ps)ns + σf (u, pf )nf = 0 on Γit . (15)
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For the solid stress tensor σs, we consider incompressible Mooney-Rivlin, whose Lagrangian
description is given for every x̂ ∈ Ω̂s and t ≥ 0 by
σs(d, ps) = −psI + 2C1B(d)− 2C2(B(d))−1 , (16)
where the constants C1 and C2 depend on the mechanical properties of the material. For the fluid
stress tensor σf , an incompressible Newtonian fluid is considered whose expression is given for
every x ∈ Ωft and t ≥ 0 by
σf (u, pf ) = −pfI + µ(∇u+ (∇u)T ) , (17)
where µ is the fluid viscosity. Concerning velocity continuity, notice that the solid kinematic
equation is just a change of variables without associated boundary conditions and its test functions
are in H1(Ω̂s). The interface velocity computed from this equation is an input for the fluid
momentum balance. With reference to displacement continuity, notice also that the test functions in
the weak fluid kinematic equation are inH10(Ω̂f ; Γ̂i) ∩ V̂
f
0,df , so that they vanish on the solid-fluid
interface. Thus, this equation does not affect the value of the displacement on the interface, which
is an unknown of the problem that is evaluated by solving the other parts of the system.
One of the novelties introduced by our ALE method for large structural displacements is the
choice of the function k(x̂) in equation (14). The usual choice is a piecewise-constant function
discontinuous across the element boundary, so that smaller elements in the mesh can be made stiffer.
Here, the function k(x̂) is a distance function that assures an homogenous deformation throughout
the entire mesh, not only for those elements close the valve leaflets. A more detailed discussion of
the function k(x̂) can be found in section 4.2.
3. STREAMLINE UPWIND PETROV GALERKIN STABILIZATION
This section describes the Streamline Upwind Petrov Galerkin (SUPG) method we use to stabilize
our FSI simulations. The SUPG technique is very well known in the literature [40, 41, 42, 43]
and has been widely used for the Navier-Stokes equations [44, 29, 45, 46]. For each refinement
level k, the stability parameter τk often depends on two constants: the mesh parameter hk and
the inverse estimate constant Ck [44]. An alternative definition of τ that obviates the use of hk
and Ck was proposed by Franca and Madureira in [29], where the stability parameters depend
on the computation of the largest eigenvalue of a generalized eigenvalue problem. In our SUPG
stabilization technique, the stability parameter τ is determined as in [29]. Following our formulation
of the problem, the SUPG method applied to the weak momentum balance (10) can be written as:
find (d,u, p) in V × V × L2(Ωt) satisfying
FLUID-STRUCTURE INTERACTION SIMULATIONS OF VENOUS VALVES 7
(
ρs
∂u
∂t
,φm
)
Ωst
+ (σs(d, ps),∇φm)Ωst − (ρ
sfs,φm)Ωst
+
(
ρf
∂u
∂t
,φm
)
Ωft
+
(
ρf [(u− ∂d
∂t
) · ∇]u,φm
)
Ωft
+
(
σf (u, pf ),∇φm)
Ωft
− (ρfff ,φm)
Ωft
+
Nf∑
k=1
(
ρf
∂u
∂t
,φmSUPG
)
Tkt
+
Nf∑
k=1
(
ρf [(u− ∂d
∂t
) · ∇]u,φmSUPG
)
Tkt
−
Nf∑
k=1
(∇ · σf (u, pf ),φmSUPG)Tkt − N
f∑
k=1
(
ρfff ,φmSUPG
)
Tkt
= 0 ∀ φm ∈ V 0. (18)
The only difference between equations (10) and (18) is in the stabilization terms present in the
weak fluid momentum. The set {T kt }N
f
k=1 is a partition of Ω
f
t such that T kt ∩ T jt = 0 for k 6= j and
∪Nfk=1T kt = Ω
f
t . Once a finite element discretization is introduced, {T kt }N
f
k=1 will represent the finite
element triangulation used, and Nf will indicate the total number of fluid elements in the mesh. In
(18), the function φmSUPG is defined as
φmSUPG = τ
(
ρf [(u− ∂d
∂t
) · ∇]φm
)
, (19)
where the description of the parameter τ is given below. Notice that the consistency between the
fluid and solid region is automatically enforced with this stabilization technique. By definition of
φSUPG, we have that φSUPG = 0 in the solid, since on Ωst u− ∂d∂t = 0. Namely, the solid velocity
and the mesh velocity (or the time derivative of the solid displacement) are equal to each other. This
is why in the solid momentum equation we omitted the contribution from φSUPG.
For the stability parameter τ , we consider the following design:
τ =
ξ(Rek(x))√
λk|u(x)|2ν(x)
, (20)
where ν(x) indicates the Reynolds number and
ξ(Rek(x)) =
Rek(x) , if 0 ≤ Rek(x) < 11 , if Rek(x) ≥ 1 , (21)
Rek(x) =
|u(x)|2
4
√
λkν(x)
, (22)
λk = maxu∈V 0(Tkt )
||∇ · (∇u+ (∇u)T )||2
0,Tkt
||(∇u+ (∇u)T )||2
0,Tkt
, (23)
|u(x)|2 =
n∑
i=1
(|ui(x)|2)1/2 . (24)
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The parameter λk is computed as the largest eigenvalue of the following generalized eigenvalue
problem: for k = 1, . . . , Nf find w ∈ V 0(T kt ) and λk such that
(∇ · (∇w + (∇w)T ),∇ · (∇φ+ (∇φ)T ))Tkt = λk(∇w,∇φ)Tkt , ∀φ ∈ V 0(T kt ). (25)
This problem is solved for the largest eigenvalue by the power method.
We remark that the present design of the stability parameters (20)-(24) does not require explicit
computations of inverse estimate constants, nor the computation of mesh parameters. For every
timestep tn, the generalized eigenvalue problem is solved s times, where s indicates the number of
mesh refinements. The parameters λk are computed before the monolithic GMRES iteration. See
section 5 for more details about the solver.
4. DISCRETIZATION
This section describes the discretization scheme adopted in our ALE approach to deal with large
displacements of the valve leaflets. The proposed approach relies on the introduction of
• a staggered in time mesh velocity in the discretization scheme to improve computational
stability,
• a scaling factor that measures the distance of a fluid element from the valve leaflets, to
guarantee that there are no mesh entanglements in the fluid domain, and
• fictitious springs to model the contact force between closing valve leaflets.
In this section these three topics are discussed in details.
Recently, an extended ALE method to deal with large structural displacements based on a
variational mesh optimization technique has been proposed in [23]. In the aforementioned paper,
a procedure for the alignment of the structure interface with edges of the resulting triangulation is
described. A method with similar properties was introduced in [47], where the alignment procedure
is based on explicit combinatorial considerations to approximate the interface using the fluid mesh.
4.1. Time Discretization Scheme with Staggered In Time Velocity
The weak FSI problem discussed in section 3 is now discretized in time and space. Let 0 = t0 <
t1 < · · · < tN = T be a subdivision of the time interval with constant time step ∆t = tn+1 − tn.
Let Ωfn and Ωsn be the fluid and solid domains at time tn. Let (dn,un, pn) be the approximation
at time tn. For n = 0, 1, . . . , N , and for all test functions φm ∈ V 0, φpf ∈ L2(Ωft ), φps ∈ L2(Ω̂s),
φkf ∈H1(Ω̂s) and φks ∈H10(Ω̂f ; Γ̂i) ∩ V̂
f
0,df the time-discretized weak FSI problem consists in
finding the iterates (dn+1,un+1, pn+1) for n = 0, 1, ..., N such that
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weak momentum balance
∑
ig
((
ρs
(un+1 − un)
∆t
,φm
)
Ωstig
+
(
σs(d(tig), p
s
n+ 12
),∇φm
)
Ωstig
−
(
ρsfs(tig),φ
m
)
Ωstig
+
(
ρf
(un+1 − un)
∆t
,φm
)
Ωstig
+
(
ρf
[
(u(tig)− v(tig)) · ∇
]
u(tig),φ
m
)
Ωftig
+
(
σf (u(tig), p
f
n+ 12
),∇φm
)
Ωftig
−
(
ρfff (tig),φ
m
)
Ωftig
+
N∑
k=1
(
ρf
(un+1 − un)
∆t
,φmSUPG
)
Tktig
+
N∑
k=1
(
ρf [(u(tig)− v(tig)) · ∇]u(tig),φmSUPG
)
Tktig
−
N∑
k=1
(
∇ · σf (u(tig), pfn+ 12 ),φ
m
SUPG
)
Tktig
−
N∑
k=1
(
ρfff (tig),φ
m
SUPG
)
Tktig
)
wig∆t = 0 ,
(26)
weak mass continuity(
Ĵ(dn+1)− 1, φps
)
Ω̂s
+
(∇ · un+1, φpf)Ωfn+1 = 0 , (27)
weak kinematic equation(
un+1 − dn+1 − dn
∆t
,φks
)
Ω̂s
+
(
k(x̂)∇̂dn+1, ∇̂φkf
)
Ω̂f
= 0 . (28)
For both the fluid and solid momentum balances we sum over the Gauss points in the interval from
tn to tn+1, where the symbol ig indicates the Gauss points. We identify such Gauss points in the
interval (tn, tn+1) using a mapping from the (−1, 1) to (tn, tn+1); namely a Gauss point in (tn, tn+1)
is given by
tig = tn +
xig + 1
2
∆t , (29)
where xig corresponds to a Gauss point in (−1, 1). In equation (18), ωig is the weight corresponding
to the Gauss point xig in (−1, 1). All accelerations in the momentum balance are considered constant
in the interval from tn to tn+1 and evaluated as
a(t) =
un+1 − un
∆t
for all t ∈ (tn, tn+1). (30)
Similarly, on each element the pressure p is considered constant in the interval (tn, tn+1). Namely
p is piecewise constant in time throughout the entire simulation for both the solid and the fluid part.
With v we indicate the mesh velocity, that is computed following a linear interpolation in the time
interval (tn, tn+1), namely
v(tig) = (1− s)vn + svn+1 , (31)
where s = tig−tn∆t . The value vn+1 is computed using the staggered approach
vn+1 =
dn+1 − dn
∆t
for n ≥ 1 . (32)
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Also in the kinematic equation, a staggered in time velocity is considered in the solid region.
Moreover, since the first term of (28) does not involve any space derivative, the corresponding mass
matrix arising from the discretization is replaced with a lumped mass matrix. Overall, the staggered
approach and the use of a lumped mass matrix guarantee more stability.
Note that the discrete continuity equation (27) is always solved at the end of the interval, meaning
at tn+1.
4.2. Geometry and Aligned Mesh
The function k(x̂) in equation (28) and (14) is usually chosen to be a piecewise-constant function
discontinuous across the element boundary so that smaller elements in the mesh can be made stiffer.
In this work, we make a different choice for the function k, a choice more suitable for the problem
under consideration. To better describe the function k, let’s first focus on the geometry used to
perform the venous valve simulations. For our 2D geometry, half of a blood vessel is considered,
namely only the motion of one of the two venous valve leaflets is analyzed. The other half of the
geometry, together with its mesh, can be easily reconstructed by vertical symmetry. Figure 1 (a)
shows the entire geometry (reconstructed by vertical symmetry) in the equilibrium phase, where the
(a) (b)
Figure 1. Vein valve geometry, where the red color indicates the solid domain and the blue color indicates
the fluid domain; (a) open valve configuration (b), closed valve configuration.
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(a) (b)
Figure 2. (a) zoom of the coarse mesh highlighting the fluid leaflet, in green; (b) zoom of the leaflet tip,
where the black square indicates the location of the middle point m.
red color indicates the solid domain and the blue color indicates the fluid domain. Figure 1 (b) shows
the entire geometry in the closed phase. The upper part of the geometry in Figure 1 (a), together with
its mesh, has been created by symmetry with respect to the x-axis; therefore, the leaflet geometry is
present in the fluid domain as well. This guarantees a more uniform mesh for the entire geometry,
since the mesh in the upper part is exactly the same as the one in the lower part, but mirrored. The
leaflet geometry present in the fluid domain will be called, from now on, fluid leaflet. Figure 2 (a)
shows a zoom of the fluid leaflet. Given a fluid element in the mesh and being x̂ the center point of
this element, the distance function k(x̂) is defined as
k(x̂) =
1
1 + c · k1(x̂) (33)
where c ∈ R+, c ≥ 1 and k1(x̂) is a function that measures the distance from x̂, the center of the
fluid element, to m, the middle point at the tip of the valve leaflet. The location of m in our 2D
configuration is shown in Figure 2 (b). Thus, k1(x̂) has the following expression
k1(x̂) =
√
(x̂1 −m1)2 + (x̂2 −m2)2 (34)
where the pair (x̂1, x̂2) indicates the coordinates of x̂, and the pair (m1,m2) indicates the
coordinates of m. The function k(x̂) guarantees that there are no mesh entanglements in the fluid
domain by making the elements close the leaflet stiffer and the elements close to the vein wall softer.
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Another use of the function k(x̂) is in the modeling the movement of the leaflet meshed in the
fluid domain. Our goal is that the fluid leaflet follows the movement of the actual leaflet, so that there
is uniformity of the mesh at every instant of time t, not only at t = 0. To impose this behavior, the
fluid leaflet has to be made stiffer, otherwise it would simply follow the fluid motion. For this reason,
for every element that composes the fluid leaflet, the function k(x̂) defined in (33) is multiplied by
a constant a ∈ R+, a ≥ 1. Namely, for every point x̂FL, we define
k(x̂FL) =
a
1 + c · k1(x̂FL) . (35)
where x̂FL denotes the center of an element composing the fluid leaflet. In the numerical tests
described in section 6, we consider a = 100 and c = 10, 000.
4.3. Fictitious Springs
As Figure 1 shows, for our 2D geometry, half of a blood vessel is considered, namely only the
motion of one of the two venous valve leaflets is analyzed. To make sure that the vein leaflet does
not exit the domain (i.e does not overcome the axis of symmetry), we impose fictitious elastic springs
on the fluid boundary throughout the simulation. With this technique, the leaflet never touches the
boundary but can get very close to it. The closeness to the boundary is controlled by the given elastic
parameters. The stiffness of each fictitious elastic spring is such that the spring carries a minimum
force that allows the leaflet not to exit the fluid domain.
Let ΩMt be the subregion of Ω
f
t belonging to the meniscus domain between the valve leaflet and
the axis of symmetry. Each fictitious spring contributes with a force given by
E(x(t)) = E0 · e
x(t)−x0
h with x(t) ≤ 0, (36)
where x represents is the first component of x. The elasticity constant E contributes only for x(t)
close enough to x0 and it decays exponentially fast for x < x0. Notice that the non-linearity of E
comes both from the fact that E is defined by an exponential function and from its dependance on
x := x̂ + d(x̂, t). Considering the stabilized weak momentum balance illustrated in section 3, the
fictitious spring force is added in the momentum equation (18) using the following(
E(x(t))∇d(t),∇φm
)
ΩMt
. (37)
The values considered in our numerical tests are: E0 =1.e-03, x0 = −1.0e-05 and h=1e-03. Notice
that the smaller the elastic constants become, the more the leaflet gets close to the boundary.
This technique is widely used in structural dynamics and for the resolution of dynamics contact
problems [27, 28]. The time discretized version of (37) that has to be added to equation (26) is given
by ∑
ig
(
S∑
k=1
(
E(x(tig))∇d(tig),∇φm
)
Mktig
)
ωig∆t , (38)
where {Mktig}Sk=1 is a partition of ΩMtig such that Mktig ∩M jtig = 0 for k 6= j and ∪Nk=1Mktig = Ω
M
tig .
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5. MONOLITHIC NEWTON-KRYLOV SOLVER
In this section the Newton-Krylov solver employed in the solution of the monolithic FSI system
is briefly described. Once the weak monolithic formulation presented in section 4.1 is discretized
in space using appropriate finite element spaces, the corresponding Jacobian matrix is obtained
by an exact Newton linearization implemented by automatic differentiation ([48]). The solution of
the linear systems is performed using a GMRES solver preconditioned by a geometric multigrid
algorithm. The smoother is of modified Richardson type, in turn preconditioned by a restricted
additive Schwarz method. The coarse grid correction problem is dealt with by a direct solver of
the monolithic system. Since the core of this work is the discretization scheme presented in the
previous section, it is not our intention to provide a full account of the solver. For more details about
the solver refer to [30] and [36].
5.1. Structure of the Jacobian
Let J (k) denote the exact Jacobian at a non-linear step k. Ordering the variables as[
ds di df us ui uf ps pf
]ᵀ
(39)
we consider the Jacobian to have the following block structure
J (k) =

Sd
s
ds S
ds
di
0 Sd
s
us S
ds
ui 0 S
ds
ps 0
Id
i
ds I
di
di
Id
i
df
Id
i
us I
di
ui I
di
uf I
di
ps I
di
pf
0 Ad
f
di
Ad
f
df
0 0 0 0 0
Ku
s
ds K
us
di
0 Ku
s
us K
us
ui 0 0 0
Ku
i
ds K
ui
di
0 Ku
i
us K
ui
ui 0 0 0
0 Fu
f
di
Fu
f
df
0 Fu
f
ui F
uf
uf 0 F
uf
pf
V p
s
ds V
ps
di
0 0 0 0 0 0
0 W p
f
di
W p
f
df
0 W p
f
ui
W p
f
uf
0 0

Momentum Solid
Momentum Interface
Kinematic fluid
Kinematic Solid
Kinematic Interface
Momentum Fluid
Continuity Solid
Continuity Fluid
(40)
where we use the symbols K for the kinematic equation in the solid and on the fluid-solid interface
(13), A for the kinematic ALE displacement equation in the fluid (14), S and F for the momentum
equation in the solid and fluid respectively (10), I for the momentum equation (15) on the fluid-solid
interface, V for the continuity equation (11) in the solid and W for the continuity equation (12) in
the fluid.
The equations and unknowns are ordered following a field-ordering approach as in [49]. It is
important to notice that different orderings, though equivalent mathematically, can have a significant
effect on the convergence properties and computational time of the solver, especially in the parallel
setting.
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5.2. Geometric Multigrid Preconditioner
As a preconditioner to the outer monolithic GMRES iteration, we consider a Geometric Multigrid
algorithm. Let Φ(Ωhl) and Ψ(Ωhl) be the finite element spaces associated with each level of the
triangulation {Ωhl}Ll=1 with relative mesh sizes hl. The prolongation I ll−1 and restriction I l−1l
operators
I ll−1 : Φ(Ωhl−1)×Φ(Ωhl−1)×Ψ(Ωhl−1)→ Φ(Ωhl)×Φ(Ωhl)×Ψ(Ωhl) , (41)
I l−1l : Φ(Ωhl)×Φ(Ωhl)×Ψ(Ωhl)→ Φ(Ωhl−1)×Φ(Ωhl−1)×Ψ(Ωhl−1) (42)
are defined, respectively, as the natural injection from the coarse to the fine space and the adjoint
of I ll−1 with respect to the L
2 inner product. Clearly, the matrix representations of these operators,
I ll−1 and I
l−1
l , depend on the block row ordering of the Jacobian (40), so that a different Jacobian
structure affects the structure of I ll−1 and I
l−1
l . The block structures of the prolongation and
restriction operators are
I l−1l =

Rd
s
ds 0 0 0 0 0 0 0
Rd
i
ds R
di
di
0 0 0 Rd
i
uf 0 0
0 0 Rd
f
df
0 0 0 0 0
0 0 0 Ru
s
us 0 0 0 0
0 0 0 Ru
i
us R
ui
ui 0 0 0
0 0 0 0 0 Ru
f
uf 0 0
0 0 0 0 0 0 Rp
s
ps 0
0 0 0 0 0 0 0 Rp
f
pf

, I ll−1 =

Pd
s
ds P
di
ds 0 0 0 0 0 0
0 Pd
i
di
0 0 0 0 0 0
0 Pd
i
df
Pd
f
df
0 0 0 0 0
0 0 0 Pu
s
us P
ui
us 0 0 0
0 0 0 0 Pu
i
ui 0 0 0
0 0 0 0 Pu
i
uf P
uf
uf 0 0
0 0 0 0 0 0 P p
s
ps 0
0 0 0 0 0 0 0 P p
f
pf

.
5.3. Richardson-Schwarz Smoother
In the smoothing process, we first partition the whole domain into the fluid and solid subregions,
and then we further divide each subregion into smaller non-overlapping blocks Ωk, k = 1, ..., N .
On each subdomain Ωk, we construct a subdomain preconditioner Bk, which is a restriction of
the Jacobian matrix J ; that is, it contains entries from J corresponding to the degrees of freedom
(DOFs) contained in the corresponding subdomain Ωk. The exchange of information between blocks
is guaranteed by the fact that the support of the test function associated to the displacement and
velocity DOFs extends to the neighboring elements. The restricted version of the additive Schwarz
(AS) preconditioner used in the Richardson scheme for the FSI Jacobian system is
B−1 =
N∑
k=1
(R0k)
TB−1k (R
δ
k) , (43)
where Rk indicates a restriction matrix that maps the global vector of degrees of freedom to those
belonging to the subdomain Ωk, and R0k is a restriction matrix that does not include the overlap,
while Rδk does.
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Figure 3. Geometry with coarse mesh, lengths and boundary names.
6. NUMERICAL RESULTS
In this section, the numerical tests aimed at assessing our ALE approach are described. The solver
and all the tests have been implemented in the in-house finite element C++ library FEMuS (https:
//github.com/FeMTTU/femus). The solver has been implemented using the GMRES solver
and the geometric multigrid preconditioner interface implemented in the PETSc toolkit [50]. For
our simulations, a 2D geometry of a venous valve is used. As already mentioned in section 4.2,
half of a blood vessel is considered, namely only the motion of one of the two venous valve leaflets
is analyzed. Figure 3 shows the entire 2D configuration used for the tests, together with its mesh,
lengths and the names given to the different boundaries. In this geometry, we identify 6 different
boundaries:B1 andB2 represent the fluid boundaries at the bottom and top of the vein, respectively,
B3 and B4 represent the solid boundaries at the bottom and top of the vein, respectively, B5
indicates the lateral solid boundary and B6 is the symmetry axis. The vein has a lumen diameter
of 5.54 mm and a length of 10 cm. The thickness of the vein wall is 0.5 mm. For the valve leaflet
a thickness of 0.065 mm is specified. All solid materials are modeled as incompressible non-linear
elastic, as explained in section 2.2. Both the vein wall and the valve leaflet are considered to have
the same density, 960 kg/m3, and Poisson’s ratio, 0.5. Blood is considered a Newtonian fluid with
a density of 1060 kg/m3 and a viscosity of 2.2× 103 Pa·s. Although blood is known to be non-
Newtonian in general, several studies, such as [51, 52, 53], assume it to be Newtonian, as we do in
this paper.
Below, two tests using the described 2D valve model are performed. Test 1 studies the mesh and
process independence of the proposed ALE method and solver, and Test 2 investigates the sensitivity
of valve dynamics to the elastic modulus of the valve leaflets. The wall and leaflet Young’s moduli
will be specified in each test case. For both tests, the same boundary conditions are used. At the
bottom fluid boundary B1, shown in Figure 3, a normal stress boundary condition of the form
(σ(u, pf ) · n) · n = 15 sin(2pit) [Pa],
u · τ = 0,
d = 0. (44)
is specified, where τ indicates the tangential vector to the boundary. At the top boundary B2, the
same condition has been applied but with the opposite sign. The vein is considered clamped, so at
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B3 and B4 the following condition is applied
d = 0. (45)
At the lateral solid boundary B5, a stress boundary condition of the form
σ(d, ps) · n = 0. (46)
is specified. Finally, at the symmetry axis B6, we require
u · n = 0,
d · n = 0,
∂u
∂τ
= 0,
∂d
∂τ
= 0. (47)
6.1. Test 1: Mesh and Process Independence
In Test 1, the mesh and process independence of the proposed ALE method and solver are studied.
A Young’s modulus of 260 MPa for the vein wall and of 1.5 MPa for the valve leaflet are considered.
These parameters do not represent realistic biological values, which is understandable since we are
performing 2D simulations that require much stiffer structure properties in order to have reasonable
deformations. To investigate mesh independence, we consider three uniform refinement levels
starting from a coarse mesh that has 292 total elements, namely we consider 3, 4 and 5 levels of
refinement. The three simulations have been performed in parallel using 36 processes. To study
process independence, we consider the 4 refinements level case and perform this simulation using
18 and 72 processes as well. All data are collected considering one single valve period, which we
define as 1 s. The time step considered is
1
64
s, meaning that one valve period is composed of 64
iterations.
To quantify the dependance of the solver on the mesh, for every non-linear step s at time step
ti, i = 1, . . . , 64, let’s define the average convergence rate in the linear solvers as ρi,s =
(
rn
r0
)N
i,s
,
where Ni,s is the number of linear steps (in each non-linear step s) and rn and r0 represent the
residuals of two subsequent iterations. Over a single valve period, let’s define two quantities, N and
ρ, as
N =
∑64
i=1
∑smaxi
s=1 Ni,s∑64
i=1
∑smaxi
s=1 1
, (48)
ρ =
∑64
i=1
∑smaxi
s=1 ρi,s∑64
i=1
∑smaxi
s=1 1
, (49)
where smaxi is the maximum number of non-linear steps at time step ti, i = 1, . . . , 64. The symbol ρ
indicates the average of the ρi,s’s over a single valve period, while N represents the average of the
Ni,s’s over a single valve period. The values of N and ρ for the three refinement levels considered,
namely 3, 4 and 5 levels of refinement, are shown in Table I. This table also shows the average
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Mesh Independence of the Solver
smax N ρ
3 refinements 4.2967 16.7264 0.2923
4 refinements 4.6563 17.9732 0.3136
5 refinements 4.5156 26.6800 0.4568
Table I. Study of the mesh independence of the solver for 3 different levels of refinement.
value of smaxi , named s
max, for the three refinement levels considered. From Table I, it can be
seen that the values of smax are quite steady, while the values of N and ρ slightly increase as the
number of uniform refinements grows. This increase in the values of ρ indicates that the solver is not
completely independent from the mesh considered. A weak dependence on the mesh was expected,
since the geometry considered is quite complex, so the mesh constructed on such a geometry is
non-trivial and may have low quality elements from the very beginning.
Table II shows the values of smax, N and ρ for the case of 4 uniform mesh refinements solved
using 18, 36 and 72 processes. From Table II, we see that the performances of the solver are very
Process Independence of the Solver
smax N ρ
18 processes 4.4688 17.5403 0.3064
36 processes 4.6563 17.9732 0.3136
72 processes 4.6563 20.6409 0.3587
Table II. Study of the process independence of the solver for 18, 36 and 72 processes.
similar for the three cases considered. The average number of non-linear iterations smax is almost
the same for all the cases, and the value of N increases only three units when using 72 processes
instead of 18. Finally, the value of ρ grows only by a factor of 10−2 indicating that the solver is
process independent.
6.2. Test 2: sensitivity of valve dynamics to the elastic modulus of the valve leaflet.
Test 2 assesses the sensitivity of valve dynamics to the elastic modulus of the valve leaflet,
independent of vein wall properties. Three analyses are undertaken with different values for the
elastic modulus of the valve leaflet. For the vein wall, a Young’s modulus of 260 MPa is considered,
while values of 1.5, 4.5 and 7.5 MPa are specified for the valve leaflet. As pointed out in section 6.1,
these parameters do not represent realistic biological values, which is understandable since we are
performing 2D simulations that require much stiffer structure properties in order to have reasonable
deformations. Figures 4, 5, 6 and 7 show, respectively, the cumulative total flux over time at both
the bottom (B1) and top (B2) boundaries, the difference between the cumulative bottom and top
fluxes over time and the instant flux at the bottom boundary B1 for the three valve leaflet Young’s
moduli considered. In all the simulations, a time step of
1
64
s is employed. Total flux (instant flux) at
a boundary Bi, i = 1, 2, is defined as
q(t) =
∫
Bi
u(x, t) · n ds, (50)
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Figure 4. Cumulative total flux over time at the bottom boundary B1.
Figure 5. Cumulative total flux over time at the top boundary B2.
while the cumulative total flux over time is the integral over time of the total flux, namely
Q(t) =
∫ t
0
q(τ) dτ. (51)
From Figure 6, we see that the difference between the cumulative bottom and top fluxes over
time always oscillates around 0 for all three simulations, meaning that the fluxes at the boundaries
B1 and B2 of the vein correctly balance each other over time. Looking closely, it can be seen
that the oscillations grow when increasing the leaflet Young’s modulus. Figures 4 and 5 show the
cumulative total flux over time at the boundaries B1 and B2 of the vein, respectively. In both
graphs, the smallest values are attained by the curve corresponding to 7.5 MPa, meaning by the
curve corresponding to the highest Young’s modulus value considered. This result indicates that the
stiffer the leaflet is, the less blood can flow from the lower to the upper part of the body. In other
words, more efficiency is gained with a flexible valve. It is also important to notice that all the curves
in both graphs have an oscillating trend. When a curve is locally decreasing, it means that backflow
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Figure 6. Difference between the cumulative bottom and top fluxes over
time.
Figure 7. Instant flux at the bottom boundary B1.
is occurring. One of the main contributions of venous valves is to prevent backflow, but as Figures
4 and 5 show, this phenomena cannot be completely removed. To have a better understanding of
backflow, the instant flux at the bottom (B1) of the vein geometry is shown in Figure 7. From the
graph, it can be clearly seen that backflow is present in all the three cases considered and, the more
flexible the leaflet is, the more backflow increases. This growth in the backflow when the valve is
more flexible does not contradict the results from Figures 4 and 5, because with a flexible valve more
blood is pushed from the lower to the upper part of the body, causing higher chances of backflow.
To study the independence of the solution on the time step, Figures 8 and 9 compare the
cumulative total fluxes over time at the boundaries B1 and B2 shown before with those obtained
using a time step of 1128s. The results obtained using a time step of
1
128s completely overlap the
results obtained with a smaller time step of 164s, indicating that there is no dependance of the solution
on the time step.
To conclude this section, we show the maximum deformation of the valve leaflet in both the
closing and opening phase. To clearly distinguish the valve leaflet from the surrounding mesh, the
leaflet is depicted in red. From Figure 10, we can see that, with a flexible valve (1.5 MPa), the
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Figure 8. Comparison between the cumulative total flux over time at the top
boundary B2 using dt = 164 s and dt =
1
128 s.
Figure 9. Comparison between the cumulative total flux over time at the
bottom boundary B1 using dt = 164 s and dt =
1
128 s.
deformation is quite heavy, but we still have stability of the simulation. A zoom of this case is
shown in Figure 12 to provide a clearer vision of the surrounding mesh. From Figure 12, it can be
seen that the leaflet gets very close to the axis of symmetry without touching it, because of the action
of the fictitious springs. In both Figures 10 and 11, the fluid leaflet is also visible.
Finally, Figure 13 portrays the vortex configurations for the case of E = 1.5 MPa at times
t = 1.5625 s (time step = 100) and t = 2.5625 s (time step = 164). The difference in time between
the two snapshots is exactly one valve period. As the two snapshots show, vortexes occur during the
closing phase of a valve cycle. In both configurations, two vortexes are present, but the vortex closer
to the venous sinus exhibits different intensities, i.e. is much weaker at time t = 1.5625 s (time step
= 100) than at time t = 2.5625 s (time step = 164).
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(a) (b) (c)
Figure 10. Maximum deformation in the closing phase for (a) E = 1.5, (b) E = 4.5 and (c) E = 7.5 MPa.
(a) (b) (c)
Figure 11. Maximum deformation in the opening phase for (a) E = 1.5, (b) E = 4.5 and (c) E = 7.5 MPa.
7. CONCLUSIONS
Fluid-structure interaction simulations of venous valves are a challenging problem since the large
structural displacements of the valve leaflets may lead to mesh deteriorations and entanglements,
causing instabilities of the solver and, consequently, the numerical solution to diverge. In this paper,
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Figure 12. Zoom of the maximum deformation in the opening phase for the E = 1.5 MPa case.
Figure 13. Vortex configurations at time step 100 (left) and 164 (right) for the case E = 1.5 MPa.
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we present a monolithic ALE scheme for FSI simulations of venous valves designed to solve these
instabilities. The proposed method is based on three main features: a staggered in time mesh velocity
in the discretization scheme to improve computational stability; a scaling factor that measures the
distance of a fluid element from the valve leaflets, to guarantee that there are no mesh entanglements
in the fluid domain; and fictitious springs to model the contact force between closing valve leaflets.
To further improve stability, a Streamline Upwind Petrov Galerkin stabilization is added to the
momentum equation. The Newton-Krylov solver employed is described, where we consider the
use of geometric multigrid preconditioners. We describe the structure of the geometric multigrid
operators, for which modified Richardson smoothers are chosen, preconditioned by an additive
Schwarz algorithm of overlapping restricted type.
We perform several 2D tests to assess the proposed method. The tests about the solver
performances show process independence of the solver and a weak dependance of the solver on
the mesh. To assess the sensitivity of valve dynamics to the elastic modulus of the valve leaflets,
independent of vein wall properties, three analyses are performed with different values for the elastic
modulus of the valve leaflet, namely 1.5, 4.5 and 7.5 MPa. These tests show that cumulative total
fluxes over time and backflow are lower when increasing the valve Young’s modulus. Thus, with a
flexible valve, more blood can flow from the lower to the upper part of the body, but there could be
a higher backflow. This result shows that valve dynamics is very sensible to the elastic modulus of
the valve leaflets, and that the flexibility of the leaflets plays a central role in the valve mechanism.
Future work will consist in performing 3D simulations of venous valves and investigating a solver
that could provide better computational performances.
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